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NOTATION

A Slope of logarithmic similarity law

A Slope of elastic-layer logarithmic law

A Type of additive

BJ Intercept of logarithmic similarity law

B1 ,0  Bl for ordinary fluids

B2  Velocity-defect factor

B Intercept of elastic-layer logarithmic law

C Concentration of additive L

cl,c2 Constants

D Diameter of pipe

f Fanning friction factor

J Factor in thick-laminar sublayer model

J. J for ordinary fluids

I Mixing length

I.* Nondimensional mixing length,X = uTZ/v

I Characteristic additive length

m Characteristic additive mass

q Wake modification function

R Pipe Reynolds number, R - VD/v

r Radius of pipe, r - D/2

r Nondimensional radius, r uT r/v

t Characteristic additive time

U Velocity at pipe center

u Velocity at point in pipe V
Ur Shear velocity, uT - r ,.

,u Nondimensional velocity, u = u/u T
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u~l u* for laminar sublayer, buffer layer and logarithmic layer extendfed
to pipe center

u u 2  Correction to u,uu*2  -u* 1

V Average velocity across pipe

w Wake function

y Radial distance from pipe wall

y Nondimensional y, y* - uTy/V

yO* y* for thickness of extended viscous sublayer

YL y* for thickness of laminar sublayer

YL yL for elastic-layer model
Ym* y* for thickness of elastic layer

ao Constants

AB Drag reduction characterization, AB=B 1-B 1 ,0 "

K Von Karman constant, K = 1/A

X van Driest factor

X Darcy-Weisbach friction factor

X* Nondimensional van Driest factor,X*muk/v

p Density of fluid

v Kinematic viscosity of fluid

T Shear stress in fluid

Tt Turbulent shear stress

Tw Wall shear stress

T* Nondimensional shear stress, * -/ W

fFunction of

iii



-- -. C -t V - r -. - - - -' -- . - - -

- - - -. . -

1/
4
r

tt

5%

5%

p I.'
I-

Ct .1

1~'

I S

2.-
a..

S

L
*5' ,

S.

'5

K
2- .%

C .'~ C.'5 %~~%'S .
t

dS~.%%%l~p. :-~ ~:-z-~~. ' -Sq. S *5 * S S 5 *S'* S S 5 * -
-, -- 5,., 55~5* . 55~5

-. ,S %



7~.-., * .--- 7 7 - 7 . . - . .

ABSTRACT

The method of two loci for scaling-up the drag reduction
by additives from measurements in not-too-small diameter
pipes to large diameter pipes is extended to small
diameter pipes. This is accomplished by including the
effects of the viscous sublayer and buffer layer in for-
mulating a prediction chart. A mixing-length model proved
more accurate than three other models of the viscous
sublayer and buffer layer in a comparison of predictions
with measured data. The prediction chart may also be used
to obtain a similarity-law drag-reduction characterization.

INTRODUCTION

The prediction of drag reduction by additives in large diameter pipes from

measurements in small diameter pipes using the method of two locil has been

shown by Sellin and Ollis to be accurate when the diameters of the test pipes

are sufficiently large. From an engineering viewpoint, it may be more economi-

cal to use small pipes to measure the actual drag reduction characteristics of

commercially available additives which may vary in molecular sizes due to the

manufacturing process. It is the intention of this paper to extend the method

of two loci to small pipes by including the effects of-the viscous sublayer and

the buffer layer which were not included in the original method developed for

large pipes

The problem of scaling-up the results from smaller pipes to larger pipes

arises from a two-parameter variation of the friction factor with not only the

usual Reynolds-number dependence but also a nondimensional diameter for the

same concentration and species of additives. Fortunately, the classical velo-

city similarity laws '" provide a characterization of drag reduction which is

Most of the material in this paper was presented to the Third International
Conference on Drag Reduction, July 2-5, 1984 at the University of Bristol,
England.

"' a " ". """•"..... . ."/ .. " . , . :. . .'""'':. .'., ". , . .. ' '..".." .. '..' . ''



independent of pipe diameter. The original method of two locit considered the

logarithmic similarity law to be valid up to the wall, thus ignoring the effects

of the viscous sublayer and buffer layer. The method was hence applicable to

large pipes only. By including the effects of the viscous sublayer and buffer

layer, the method of two loci can be extended to small pipes. Four existing

models of the similarity laws for the viscous (laminar) sublayer and the buffer

layer are to be considered, namely, "

1. A variable thick laminar sublayer and an associated buffer layer

2. A constant laminar sublayer and an elastic layer in lieu of the

buffer layer

3. A mixing-length formulationb97 , and

4. An extended viscous sublayer

A brief review of the velocity similarity laws is presented. The four

models are used to obtain four friction-factor formulations. The results are

presented graphically fo- the extended method of two loci. Predictions from the

four models are compared with experimental data. An appendix shows how to

determine a similarity-law drag characterization from small-diameter pipe flows.

VELOCITY SIMILARITY LAWS

In general, the inner similarity laws for drag-reducing additives (3) may

be stated nondimensionally as

" where u = u/uT; u mean turbulent velocity parallel to the pipe wall; uT .

r Tw W wall shearing stress; p - density of fluid; y = uTy/v; y = nor-

mal distance from the wall; v - kinematic viscosity of fluid; t = characteristic

length representing the additive; C - concentration of additive; A = species or

kind of additive. The characteristic length X in this paper serves mostly as a

dummy variable.

A characteristic time t or mass m may be substituted for the characteristic
A A

length £ where L - i- (mp) I / 3 .

The outer similarity law which does not directly depend on the presence of

additives may be stated for fully developed pipe flow as

2.,

" ..,"" " ". .", " ; ' " -" . .". ..," , " ." v ." . ." , " . .". " .. ...", '. ~ ... ..' ... ' , '. .,' .' ,. .,' , '.. ., ., ' ,. , . ," .• .' , , ': .', ' ..' : ,'2. ,



V-w (2)

where U - velocity at the center of the pipe and r = radius of the pipe.

The overlapping of the inner and outer laws results in logarithmic laws

u A tn y + BI  (3)

or
+ (4)

where

C (5)

* may be termed the drag-reduction characterization. Another drag-reduction

characterization is

(6)

where BI, 0 f value of B1 in the absence of the additive. A and B2 are constants

for pipe flow.

If the logarithmic velocity law, Equation (3) is considered to extend to

the pipe center, a correction has to be applied. The nondimensional velocity u

across the pipe is to be represented by two components

u* u* + u2  (7)

where u, is the contribution of the laminar (viscous) sublayer, the buffer

layer and the logarithmic layer extended to the pipe center.

u2 is the correction represented by

-. =. A .. (8)

71

3
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where w is the Coles wake function and q is the wake modification function9 .

Polynomial fits to w/2 and q are given by

(9))
and

01 (10)

where r hr/v

PIPE FLOW

For the fully-developed flow of drag-reduction solutions through pipes the

Fanning friction factor f may be stated functionally as

f L D/X, C, A (11)

where f = Fanning friction factor = 2T/PV V = average velocity across thew
pipe; R pipe Reynolds number = VD/v; D = diameter of the pipe = 2r.

A
For the same concentration C and species A of additive, the friction factor

varies not only with Reynolds number R but also with nondimensional diameter

D/1; hence the scale-up problem. Another commonly used friction factor is the

Darcy-Weisbach friction factor x where

= 4f (12)

The average velocity V across a circular pipe may be determined from the

similarity-law velocity profile by means of

V -. (13)

which is derived in Reference 3.

Also by definition

(14)

*Note that hydraulic engineers seem to prefer the Darcy-Weisbach friction factor
using either the symbol f or X. Chemical engineers seem to prefer the Fanning

*. friction factor using the symbol f as used here.

4

....



and r
r (15)

which bridge similarity-law variables and pipe variables.

EXTENDED METHOD OF TO LOCI

If the logarithmic velocity law, Equation (3), is assumed to hold up to the

wall, that is, without any effect from the viscous sublayer and the buffer

layer, then by means of Equations (7), (8), (9), and (10) there results

1'W E + 91,0(16)soo1

For ordinary fluids (AB = 0), this equation has the same form as the well-

known Prandtl-Karman formula for pipe flow

4A - 4(17)

A
Now for the same concentration C and species A of additive the similarity-

law characterization AB is

LsB-f (18)

A
Hence the values of both AB and u_ have to be satisified for pipes of

V

different diameters.

It is obvious that, for a plot of 1/ /T against If R, lines of constant AB

are parallel to each other in accordance with Equation (16). This is the first

locus which only applies to sufficiently large pipes where the effects of the

viscous sublayer and the buffer layer are negligible.

5

0o°
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*

A
The second locus has to satisfy the same value of u Iiv, which by definition

(19)

A
For the same concentration and species, t is constant. Thus in going from pipe

diameter D1 to pipe diameter D2, for the same value of uT IN,

~ (20)

This represents the second locus which does not exclude the effects of the

viscous sublayer and the buffer layer.

For smaller pipes where the effects of the viscous (laminar) sublayer and

the buffer layer are not negligible, the lines of constant AS on a 1/4 - fR

plot are no longer straight and parallel. Hence the curved lines of constant AB

have to be plotted at sufficiently close intervals so that the locus of constant

AS is drawn from a measured point by interpolating between two nearby lines of

constant AB. This is shown in Figure 1.

Four analytical models of the viscous (laminar) sublayer and the buffer

layer are now to be examined in order to determine the curved lines of constant

AB.

THICK LAMINAR SUBLAYER

The first analytical model proposed for the buffer layer seems to be that

of reference 3 which was based on an eddy viscosity model. The result is a

laminar sublayer which thickens with increasing values of AS.

As usual the laminar sublayer of thickness YL is given by

u1  =y 0 4 y 4 YL (21)

Outside the laminar sublayer a logarithmic relation holds for both the buffer

layer and the logarithmic layer which is

uI  A tn(y -J) + B1, y > YL (22)

This relation joins the laminar sublayer in both value and derivative. The

result is

J = B, -A + A In A (23)

YL BI + A In A (24)

6
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and for ordinary fluids

Jo - B 1 , 0 - A + A In A (25)

Determining the average velocity from Equation (13) and converting to /f

and vlR coordinates yields

where

t and 2. i)24A)b2'b) ~ A, LT

It is to be noted that this equation is the same as that of Equation (16)

except for the added terms due to the laminar sublayer and the buffer layer

which decrease as AR increases for larger diameter pipes.

ELASTIC LAYER

On the basis of a line of maximum drag-reduction in pipe flow, Virk et al5

proposed a logarithmic relation for the buffer layer, which was renamed the

elastic layer, of the form

b

-*m tn y* - B (27)

where A and B are constants. This relation begins at the intersection of the

logarithmic line and laminar line for the ordinary fluids, YL• As stated, no

buffer layer is allowed for ordinary fluids so that Y* is a constant.* h%
For drag-reducing fluids the elastic line ends at y which is the intersec-

tion of the elastic line and the logarithmic line or

ext, ' (28)

Performing the required integrations of Equation (13) results in

*T ~ v e oi (~)(29)

where

7
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and3
34

z€

Recently this elastic-layer formulation was used in an .iterative calculation

method by Matthys and Sabersky I0 in scaling-up pipe data.

MIXING LENGTH

Poreh and Dimant6'7 extended the Prandtl-van Driest mixing-length formula-

tion to drag-reducing solutions as follows. Both the viscous sublayer and

buffer layer are included.

According to mixing-length theory the turbulent shear stress T is related

to the velocity gradient as ,L

P - (30)
e!

where I is the mixing length.

Including the laminar shear stress results in nondimensional terms as

& t~ ~t(31)* "*

where T - r/rw, £ -ut/u and T -shear stress in fluid.

S Solving as a quadratic quation yields a velocity profile

0 1CI4 (32)

The Prandtl-van Driest mixing-length formulation is nondimensionally

_ e] %C4 (33)

where K -von QKarman constant 1 1/A; A* = u A/u and A - van Driest factor.
TFor pipe flow the shear stress is given as

r (34)

8

"-a
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The van Driest factor X may be correlated with the drag-reduction charac-

terization B1 or AB as follows.

At high values of r where T = 1 and where the mixing-length velocity pro-

file, Equation (32), merges into the logarithmic velocity profile

ft6- (35-)

• where y is a sufficiently large value of y . l is thus a function of Xi

- If Equation (32) is considered to extend to the pipe center, u becomes u1

and the outer correction u2 , as assumed by Poreh and Dimant, isA
1, XL P(36)

The evaluation of the average velocity by Equation (13) has to proceed

numerically in order to develop a 1/rf vs. /FR relationship. Tiederman and

Reischman show that the Prandtl-van Driest mixing-length formulation

indirectly fits the measured velocity profiles. The eddy viscosity relationship

actually used by them may be shown to be based on the Prandtl-van Driest mixing

length.

EXTENDED VISCOUS SUBLAYER

An extended viscous sublayer proposed by Wasan for ordinary fluids was

applied to drag-reducing fluids by Kwack and Hartnett8 . The effect of an eddy

viscosity was added to the laminar flow to give a velocity profile for both the

viscous sublayer and the buffer layer such tha

u= y + c1 y + c2 y (37)

where c, and c2 are constants to be determined. The fourth power of y is chosen

to provide a third-power variation of eddy viscosity with y at the wall. The

junction of Equation (37) with the logarithmic law, Equation (3), is at yo".

The values of cl, c2 and y* vary wth B1 or AB and are determined by con-

tinuity at the junction y. so that

4- (38)

3 43A.. .C t (39)

9
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%

Adq
*and 4-(40)

" Using Eq. (13) and converting to 1 and /?R coordinates results in

to
where !±.y'

and

L 3

NUMERICAL AND GRAPHICAL RESULTS

*}Charts for Method of Two Loci

The charts for the extended method of two loci are shown in Figures 2,3,4,

and 5 for the thick laninar-sublayer model, the elastic-layer model, the mixing-

" length model, and the extended viscous-sublayer model respectively.

For the case of ordinary fluids, AS 0, the usual Prandtl-Karman formula,

Equation (17), is plotted. Values of A = 2,5, BI, 0 0 5.5, A - 11.7, B - 17.0

are used in the calculations for the thick laminar-sublayer model, the elastic-

" layer model and the extended viscous sublayer model. A value of YL 11.6 is

used for the elastic-layer model.

The chart for the mixing-length model is developed from a graph of computed

results presented by Dimant and Poreh (7).

Comparison of Predictions

The experimental data of Sellin and Ollis (2) for the drag-reduction in a

5 m diameter pipe and in a 50 - diameter pipe are used to compare predictions O"

. from the three methods in scaling-up the data from the 5mn to the 50 m pipe.

" The measured data are for a i0 wpm concentration nf 4 *,mmerchAt polyacrylamide,

"* Alcoer-llOL. Solid symbols represent experimeita, drii1 while )oen symbols C"

represent predictions. v

10

e4
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As shown in Figures 2, 3, 4 and 5, the mixing-length model gives excellent

predictions for the few data presented. The thick laminar-sublayer, the elastic-

layer and extended viscous-sublayer models show a poor comparison between pre-

dicted and measured data. This seems to indicate that the mixing-length model

*gives the best representation of the viscous sublayer and buffer layer.

CONCLUDING REMARKS

The Inclusion of the effects of the viscous (laminar) sublayer and the

buffer layer definitely seems to improve the accuracy of the original method of

two loci especially for small-diameter pipes. This may be seen by noting the

curved lines of constant AB in the l//r vs. AR plot which deviate from the

straight lines specified in the original method of two loci. At higher values

of A&R, which apply to large diameter pipes. the lines of constant AB start to

become straight and parallel in accordance with the original method of two loci.

This explains the .success of Sellin and Ollis (2) in making predictions from 25

to 50 - diameter pipes and the lack of success in making predictions from

smaller than 25 -o diameter pipes.

The van Driest mixing-length model gives predictions in scaling-up the data

from 5 m diameter pipe to a 50 am pipe which agree well with the available

experimental data. Hence the van Driest model as given in Figure 4 is recom-

mended for the extended method of two loci.

.'U-
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APPENDIX

DETERMINATION OF SIMILARITY-LAW DUG-REDUCTION CHARACTERIZATION

-. The AB-characterization may be also determined from the chart, 1/7f vs. rR

and AB as a function of u 1/v for the particular concentration and type of addi-

tive involved.

The test point (1/4, /?R) for a particular diameter pipe D gives the AB

value from an interpolation between the lines of constant AB.

From definition, the value of uT I is given here as
"-7-

A
uTi - /F 2'R . I (Al)
--T- 2

In many applications, the characteristic length Z serves as a dummy quantity. The

AB characteriz Lion may then be used to determine the viscous drag of bodies by

a boundary-layer calculation.
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